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ABSTRACT
Recent years had seen important advances in the computational problem of deconvolution
of calcium imaging signals as well as estimation of neural connectivity from population
calcium imaging data. In experimental domain, calcium imaging had scaled up tremendously,
with imaging of neural populations on the scale of entire brain in alive and behaving animals
recently demonstrated. Solutions for neural connectivity inference from very large-scale calcium
imaging data had been also offered. A particularly important advance can be seen in the recent
introduction in computational neuroscience literature of the concept of sparse neural population
imaging and connectivity inference. These advances make it now possible to pursue calcium
imaging-based reconstructions of neural connectivity in macroscopically large neural circuits or
even the entire brain. This chapter provides a technical overview of some of the important recent
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advances in computational connectivity inference from very large-scale population calcium
imaging data, emphasizing specifically the opportunities that became open in population calcium
imaging thanks to such advances. I discuss the current status of the problem of computational
deconvolution of calcium imaging signals, inference of neural connectivity from population
calcium imaging data, and recent advances related to sparse or “shotgun” neural activity imaging.
I introduce a theoretical framework, based on the notion of effective connectivity models of
neural population activity, which can be used to fruitfully combine these computational advances
with experimental large-scale population calcium imaging developments. Together with this
framework, the concepts and techniques described in this chapter can serve as the foundation for
rapid advancements in quantitative understanding of the workings of neural circuits in the brain.

INTRODUCTION

One of the key challenges of neuroscience is to understand how the structure of neural circuits
forms the substrate for information processing in the brain. Since the times of Ramon y Cajal [1,2],
neuroscientists have been curious about how the neural networks in the brain work and how they
provide the biological foundation of memory, cognition, and perception. While we have learned a
lot about these questions in the last century, a number of questions remain about the nature of the
“micro-circuits” in the brain, i.e., the connectivity within the populations of neurons at single-cell
level. It is universally accepted in neuroscience that neurons and their electrochemical connections
constitute the fundamental blocks of the neural processing in the brain. Thus, uncovering the
information about the connectivity and the dynamics of individual neurons in the brain arguably
constitutes the fundamental way for reproducing the high-level behaviors observed in the brain,
as is embodied, for instance, by the Blue Brain project [3].
It comes of no surprise, thus, that a significant effort became directed at directly imaging neural
connectivity in past years [4-12], funneling recently into two large brain imaging initiatives in the
US [13] and Europe [14]. Two complementary approaches have been pursued in neuroimaging for
that purpose. A number of anatomical studies had focused on extracting the neuronal connectivity
graph directly by identifying how neurons are physically connected [6,8,12,15-18]. Functional
studies, on the other hand, rely on the analysis of neural activity observed via techniques such
as multi-electrode local field potential recordings [19-26], voltage imaging [27-29] or calcium
imaging [30-52]. Although functional approaches have not been demonstrated to directly yield
the physical structure of neural circuits, this type of analysis plays an increasingly important
role in our attempts to understand the information processing in the neural circuits by offering
information about the dynamical properties of neurons and their interactions, which is absent
from purely anatomical approaches [5,7,26,53-58].

Experimental tools allowing simultaneous observation of activity of many neurons has
underwent dramatic developments in recent years. Arrays of extracellular electrodes had been
scaled to very large sizes [26,53,58], while calcium fluorescence-based neural population activity
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imaging had scored incredible fits including whole brain imaging in some biological systems
[36,40,42-44,46,48-51]. Very large-scale calcium fluorescence imaging can be now performed
using either organic or genetic calcium-sensitive fluorescent indicators [30-33,59,60], observed
at high frame rates using wide-field CCDs [61] or laser scanning microscopy [62-66]. Together,
these tools had provided movies of calcium fluorescence from networks of neurons as large as
the entire central nervous system in the systems including C. elegans [36,40], larval Drosophila
[42,48], and larval zebrafish [36,43,46,49,50]. These experimental advances now allow studying
the organization of neuronal circuits at single-cell level using powerful advanced statistical
techniques [54,67-77].
This chapter provides a technical overview of some of the recent results produced in functional
connectivity inference problem for very large-scale population calcium imaging, emphasizing
specifically the opportunities that became open in recent years in population calcium imaging
thanks to several such advances. I discuss the current status of the computational problem of
neural connectivity inference using calcium imaging data as well as certain recent progress
related to neural connectivity inference from calcium imaging data of very large scale, such as
the whole-brain calcium imaging data, by means of using sparse or “shotgun” neural activity
imaging approaches [78,79]. I introduce the theoretical framework of effective connectivity
modeling for such inference, which can provide the theoretical basis for use of such approaches
in neuroscience and contribute to quantitative and principled realization of the “Observe-ExplainPredict” scientific method cycle in neuroscience to understand the workings of neural circuits at
single-neuron level.

CONNECTIVITY RECONSTRUCTIONS
CALCIUM IMAGING

FROM

POPULATION

Theoretical and Computational Background
The problem of neural connectivity analysis from functional data such as the neuronal spike
trains identified from local field potential recordings or calcium imaging has long standing in
computational neuroscience. In the case of the calcium imaging data, this problem consists of
two parts: the deconvolution of slow and often noisy calcium fluorescence signal into underlying
neuronal spike trains and the estimation of the connectivity graph from thus obtained spike trains.
The computational foundation for solving this problem is provided by the mathematical model
of calcium fluorescence signal and the neural population activity, which in the most general form
can be described by the set of equations below,
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In Eq. (1), the first two equations define the statistical model of spiking neural activity in a
population of N neurons i=1,…,N. The first equation is the dynamical model of individual neurons’
states, Si ( t ) , which describes the evolution of the quantities controlling the spiking of neurons
such as various ionic currents in conductance-based neural activity models or membrane
voltage in a Leaky Integrate and Fire (LIF) models. The state evolution naturally depends on the
(s)
past internal states of the same neuron H i ( t ) as well as the past spikes of the entire neural
(n)
population H ( t ) , whereas the spikes thus form the only externally “exposed” state variables
in this neural population dynamics model. The second equation for ni ( t ) ∈ {0,1} describes
the spiking process in neurons. This equation encodes the details of neural spiking in relation
to internal states Si ( t ) . The parameters ζ and W are the dynamic parameters; W typically is
associated with the interactions between neurons and is described as a connectivity matrix or a
graph and ζ describes the dynamical properties of individual neurons.

The second pair of equations in Eq. (1) is the model of calcium dynamics and the fluorescence
of calcium indicators. The first equation in that pair describes the evolution of calcium
(c)
concentrations Ci ( t ) inside neurons, which depends on past calcium concentrations H i ( t )
and the instantaneous spiking state of a neuron ni ( t ) . The last equation for Fi ( t ) is the model
of calcium indicator’s fluorescence. The parameters ϑ characterize the intracellular dynamics of
calcium concentrations as well as the fluorescence properties of calcium indicators, for instance,
including such parameters as the decay time of calcium transients, the magnitude of spiketriggered jumps in calcium concentrations, etc.
We say that the model of neural population activity (1) is statistical, in the sense that it does
not prescribe neural evolution deterministically but rather in terms of probability distributions
(s)
(n)
or P ni ( t ) Si ( t ) , ζ i , and causal, in the
such as P Si ( t ) H i ( t ) , H ( t ) ; ζ i , Wi
sense that such distributions depend exclusively on the past events such as encoded by the
(n)
(s)
“history” variables H ( t ) = ni ( t ' ) , i = 1,...., N & t ' < t , H i ( t ) = Si ( t ' ) , t ' < t , and
H i( c ) ( t ) = Ci ( t ') , t ' < t .

(

{

)
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The problem of extracting the neural connectivity graph from population calcium imaging

data, therefore, can be generally expressed as the estimation of the connectivity matrix parameter

{

W given a collection of calcium fluorescence imaging data F = Fi ( t ) , i = 1,...., N & t = 1,..., T

}

and a model of type (1). The solution to this problem had been approached in the literature in

different ways. One very common such an approach is to note that the calcium fluorescence
and the neural activity models separate in Eq. (1), in the sense that the calcium transients and

fluorescence depend solely on the instantaneous values of the spike variables ni ( t ) . It may
be tempting, therefore, to attack this problem in a modular manner, by first performing the

deconvolution of calcium fluorescence signals F into underlying spike-trains ni ( t ) while ignoring
the dynamics of ni ( t ) .

A large number of such calcium fluorescence deconvolution algorithms had been proposed in

the literature [37,41,66,80-87], also see [66] for a recent survey and a benchmark. Such algorithms
typically depart from a linear model of calcium fluorescence,

Fi ( t ) = α i Ci ( t ) + βi + σ iF ε iF ( t ) ,							

(2)

ε iF ( t ) is a zero-mean and unit-variance Normal random noise variable, and a slow decayc
autoregressive model for Ci ( t ) with the calcium transients’ decay time τ i , time-discretization
where

b

step ∆, and a constant background calcium concentration Ci ,

Ci ( t ) = Ci ( t − ∆ ) + ( Cib − Ci ( t − ∆ ) ) ∆ τ ic + ni ( t ) . 					

(3)

In this form, the solution to the deconvolution problem can be straightforwardly produced as

a linear filter also known as the Wiener filter. Such solution is computationally and conceptually

simple to formulate and evaluate, having a linear time complexity of calculations. The drawback

of such a solution is that it is strongly affected by noise in calcium fluorescence data, because the
corresponding Wiener deconvolution filter is highly singular. More sophisticated approaches had

taken into account various additional information about the dynamics of calcium fluorescence
signal, thus reducing the damage produced by noise. In popular Fast Non-Negative Deconvolution
Algorithm [82], for example, one supplements Eq. (2) and Eq. (3) with additional condition of

non-negativity of ni ( t ) . This transforms the deconvolution problem into a Linear Program

that, although more complex than the Wiener filter above, still can be solved efficiently using

standard convex optimization algorithms. A more advanced work [88] makes use of a realistic
model of saturating calcium fluorescence and a filter-smoother type Bayesian inference algorithm

for estimating the probabilities of binary spikes from calcium fluorescence signals in a Hidden
Markov Model setting.

Assuming that the complete raster of the spike trains of a neural population,

χ = {ni ( t ) , i = 1,...., N & t = 1,...., T } , had been obtained from calcium imaging data in the

above way, the problem of estimating the connectivity matrix W for the neural population can

now be approached by fitting a model of neural activity such as given by Eqs. (1.1)-(1.2) to that
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spiking data. One should note that estimating the connectivity matrix W requires necessarily a
solution for the dynamical parameters ζ as well - it is not possible to speak about a certain neural
connectivity matrix if neural dynamics parameters had not been fixed. Such model fits can be
produced by using the Maximum Likelihood Estimation (MLE), in which case the set of model
parameters (ζ, W) is determined in a process that maximizes the likelihood of observing the given
raster of neural activity,

(ζ ,W ) = arg max log P ( χ ζ ,W ) , 						

(

(4)

)

where P χ ζ , W is generated by means of applying Eqs. (1.1)-(1.2). One popular choice in
that setting is the use of Generalized Linear Models (GLM) for describing spiking neural activity
[67,70,73,75-77,89],
			

N τ max
 

T
∼
+
+
n
t
Poisson
f
b
k
.
X
t
											
( ) ∑∑ Wij (τ ) n j ( t − τ )   .
  i i
i( )
j =1 τ =∆
 
 

(5)

This model can be fitted to neural activity data efficiently and for the data of very large size,
especially for log-concave rate-functions f (.) [90].

A more principled approach to solving problem (1) involves solving simultaneously the neural
dynamics problem (1.1)-(1.2) and the calcium fluorescence problem (1.3)-(1.4). A solution of this
type had been offered in [54]. In [54], a Monte-Carlo Expectation-Optimization algorithm had
been presented for rigorous Bayesian estimation of neural activity parameters ζ and W as well
as the calcium fluorescence parameters ϑ from calcium imaging data. [54] used a realistic GLM of
neural activity with autoregressive synaptic currents Jij and a realistic calcium fluorescence model
with exponentially decaying calcium transients, saturating calcium indicator’s fluorescence, and a
realistic optical photon shot-noise model;

J ij ( t ) = (1 − ∆ τ ih ) J ij ( t − ∆ ) + σ ijh ∆ε ijh ( t ) ,

(

N
ni ( t ) ∼ Bernoulli  f bi + kiT . X ( t ) + ∑ j =1Wij J ij ( t )


) ,

		

											

Ci (t ) = Ci ( t − ∆ ) + ( Cib − Ci ( t − ∆ ) ) ∆ τ ic + Ai ni ( t ) + σ ic ∆ε ic ( t ) ,
Fi ( t ) = α i S ( Ci ( t ) ) + β i +

where the rate function
S (C ) = C (C + Kd ) .

(σ )
F
i

2

+ γ i S ( Ci ( t ) )ε iF ( t ) ,

f ( J ) = 1 − exp ( −e J ∆ )

(6)

and the saturating fluorescence function

A successful application of that algorithm had been demonstrated in situ on the simulations of
calcium imaging observations of realistic cortical neural micro-circuits with up to 1000 neurons.
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Implications For Population Clacium Imaging Experiments
If neural connectivity reconstructions from population calcium imaging data are to be
attempted in real biological models, it is important to understand which imaging regimes are
required for such reconstructions to be successful. [54] performs a survey of the neural connectivity
inference’s performance in respect to the key parameters of calcium imaging such as imaging
frame rate, signal-to-noise ratio, and imaging duration. Given the rigorous Bayesian nature of
the solution algorithm used in that work, that survey can be also viewed as such establishing the
performance limits for any neural connectivity inference algorithm in regards to the parameters
of a calcium imaging experiment. A similar and somewhat broader study had been performed in
[91], with similar conclusions.
Accordingly, it had been found in those studies that the frame rate of calcium imaging places
the most stringent constraint on one’s ability to extract neural connectivity from calcium imaging
data. As is indicated in Figure 1, the frame rate of calcium imaging strongly affects the possibility
of connectivity reconstructions, and the frame rates of at least 30 Hz are necessary to extract the
connectivity matrix with any meaningful accuracy.

Figure 1: Accuracy of the inferred connectivity matrix as a function of the frame rate of calcium
imaging for a simulated population of N=25 realistic cortical neurons, spontaneously firing at
an average 5 Hz and observed for T = 10 min with eSNR=10. The reconstructions are quantified
using the correlation square measure, r2, of the actual and the reconstructed connection weights.
The imaging frame rate of at least 30 Hz is necessary for reasonable quality of the connectivity
reconstructions.
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The origin of the figure 30 Hz can be understood as follows. For calcium imaging with the
frame size of ΔF milliseconds, the spikes observed within single frame cannot contribute to the
estimation of connectivity matrix because the temporal precedence of such spikes, and thus
the causality between them, becomes lost. In other words, although the statistical excess of
coincident spikes within a single imaging frame can and will indicate the presence of a connection
between neurons, such excess cannot be used to establish whether such connections are from
neuron A to neuron B or vice versa, since either will result in exactly the same statistics of the
spikes observed within the same imaging frame. The necessary causality information is only
obtained for the spikes separated over different calcium imaging frames. Observations of such
spikes contain the necessary information to determine the presence of a connection between two
neurons as well as its direction. However, the problem with such spikes is that they are separated
by times of the order of at least ΔF, which for durations of Post-Synaptic Potentials (PSP) τPSP much
smaller than ΔF results in the loss of correlations between such spikes. For instance, if we model
the decay of the PSPs using an exponential with time scale τPSP, it becomes clear that in order
to detect neural connections with any degree of confidence one needs to have approximately
exp ( −∆ F τ PSP ) > 0.1 or ∆ F τ PSP of at most 3, which leads to the largest acceptable imaging
frame of ∆ F ≈ 30 milliseconds and the imaging frame rate of 30 Hz, for typical cortical τ PSP ≈ 10
milliseconds [92].

To summarize, the low frame rate of calcium imaging can have strong detrimental effects
on one’s ability to infer connectivity graphs from calcium imaging data. This is irrespective of
one’s ability to detect individual spikes and is entirely related to the loss of causal relationships
between neural spikes observed over neighbor calcium imaging frames, when such frames are
much larger than the extent of typical PSPs. The spikes observed within the same calcium imaging
frame cannot be used for estimation of neural connectivity as they do not possess the precedence
information necessary to establish causality. In order to use population calcium imaging for
neural connectivity inference, therefore, it is necessary for the calcium imaging frame rates to be
at least 30 Hz and possibly 50 Hz and higher.
The second essential parameter of calcium imaging that strongly affects the possibility of
neural connectivity inference is the signal-to-noise ratio or SNR. SNR may be a tricky quantity
to define for experimentalists, as there are many types of signal and noise in a typical practical
calcium imaging scenario. For instance, one has photon shot-noise, background fluorescence
noise, molecular noise in calcium concentrations, noise in optical device, etc. One can use an
effective SNR definition to circumvent these complexities, which effectively quantifies the ratio of
the spike-related jumps in calcium fluorescence to the typical variation in calcium fluorescence
signal;
E  F ( t ) − F ( t − ∆ ) n ( t ) = 1
					
eSNR =

1

2
2
E ( F ( t ) − F ( t − ∆ ) ) / 2 n ( t ) = 0 
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The qualitative examples of such calcium fluorescence signals for different values of effective
SNR are shown in Figure 2. The survey of the neural connectivity inference from simulated calcium
imaging data with different values of eSNR shows that eSNR of about 5 and above is required for
successful neural connectivity inference, Figure 3. At the same time, eSNR above approximately
9 does not result in further improvements in one’s ability to estimate neural connection weights,
and eSNR below 3 certainly results in the imaging data that cannot be used for estimation of
single-cell neural connectivity. The accuracy of reconstructed connectivity matrices plateaus at a
given level as the eSNR grows, which is defined by the frame rate of imaging, in lieu with the above
discussion. Thus, for the imaging frame rate of 15 Hz, no amount of SNR suffices to enable one’s
estimation of neural connectivity, for instance.

Figure 2: Two examples of simulated calcium fluorescence data for eSNR=9 (left, low noise) and
eSNR=3 (right, high noise).
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Figure 3: Accuracy of inferred connectivity as a function of the effective calcium imaging
signal-to-noise ratio (eSNR, Eq. (7)) for frame rates of 15, 33 and 66 Hz. Neural population
simulations are the same as in Figure 1. Vertical black lines correspond to the eSNR values of the
two example traces in Figure 2. eSNR greater than about 5 is necessary for neural connectivity
reconstructions from population calcium imaging data. eSNR above approximately 9 do not
result in further increase in neural connectivity reconstruction accuracy.

With respect to the requirements on the duration of imaging, [54] finds that about 3000
observed spikes per neuron generally are required for the reconstructions of neural connectivity
in the simulations of realistic cortical neural networks. For average spontaneous firing rate
of 5 Hz in networks simulated in [54], this is stated as the imaging time requirements of
approximately 10 minutes, Figure 4. However, the more appropriate measure indeed is the
count of spikes per neuron and not such imaging duration. For larger durations of imaging, the
accuracy of reconstructed connectivity matrices plateaus at the level prescribed by the frame rate
and the eSNR, and the collection of further data does not lead to significant improvements in the
connectivity reconstructions.
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Figure 4: Accuracy of inferred connectivity as a function of the imaging time and neural
population size. The minimal imaging time of about T = 10 min or 3000 spikes per neuron is
seen as necessary for reconstructions’ performance to plateau, with further increase in the
imaging time conferring no immediate benefits. Simulation eSNR ≈ 10 and 60 Hz frame rate in
every case.

An interesting further observation in [54] is that the required amount of imaging data does
not appear to significantly vary with the size of neural populations. Namely, all way to the neural
population sizes of about 1000 neurons the required imaging time observed in [54] is 10 minutes
or 3000 spikes/neuron. Therefore, [54] observes that longer observations of neural populations
are not be required as the size of imaged neural populations gets bigger - the imaging of about 10
minutes of neural population activity at 5 Hz average spontaneous firing rate can be expected to
suffice for neural connections’ estimation.

Finally, it is observed in [54] that using priors - most importantly sparse prior - is crucial for
increasing the speed of convergence of functional connectivity inference. When estimating neural
connectivity matrix from population calcium imaging data without using any prior, the performance
plateau is achieved at over 3000 seconds of imaging time. However, when additionally enforcing
in the inference the constraint that the neural connectivity graph is sparse (as is well known from
neurophysiology), the imaging times required for achieving the same plateau drop to about 600
seconds. The effect on neural connectivity inference conferred by sparse priors, therefore, is very
dramatic and should be always used. This effect is illustrated in Figure 5 and Figure 6.
The sparseness of the target connectivity matrix can be enforced in Bayesian connectivity
inference by imposing a L1 prior on the connection weights,
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∑W

P W = exp  −λ
					


ij

ij


 .						


(8)

It is not necessary to exactly know the level of sparseness in this estimation, recent results
based on Compressive Sensing indicate that a rapid sparsification of the connectivity graph
and the increase in its similarity with the ground truth is achieved as long as almost any not
increasingly small λ>0 is used [93].

Figure 5: Accuracy of inferred connectivity as a function of the imaging time and neural
population size. The minimal imaging time requirement does not show strong dependence
on the neural population size. Here, neural populations of size N = 100 and 200 are shown
(black and gray, respectively) without significant difference in the r2 curves. Furthermore,
incorporation of a sparse prior can dramatically increase the reconstruction’s accuracy (shown
by dashed lines). Simulation eSNR ≈ 10 and 60 Hz frame rate in every case.
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Figure 6: Imposing a sparse prior on the connectivity matrix dramatically improves neural
connectivity estimation. Scatter plots show the connection weights Wij reconstructed with
(right) and without a sparse prior (left). The simulation is for N = 50 neurons with average
spontaneous firing rate 5 Hz, imaged for T = 10 min at frame rate of 60 Hz and eSNR =10.

SPARSE ACTIVITY SAMPPLING SCHEMES FOR LARGE-SCALE
NEURAL CONNECTIVITY INFERENCE FROM POPULATION
CALCIUM IMAGING
One of the key problems of neural connectivity inference from population calcium imaging
is the necessity to simultaneously observe the entire neural population for the reconstruction
of the connectivity matrix to become possible. Because functional analysis relies on co-relating
the activity of neurons in neural population over extended periods of time, lack of complete
observations will result in errors due to missing or unobserved neural inputs interfering with the
inference process [57,69,72,75,94,95]. For instance, in the canonical example of “hidden inputs”
problem one can mistake the correlations in the activity of several neurons due to their correlated
(but not observed) inputs for a direct connection between them. Despite swift progress in largescale neural activity data acquisition, it is still beyond the reach of current technology to monitor
with required temporal resolution the set of all neurons comprising the presynaptic inputs of
even a single cortical neuron. Full-brain calcium imaging experiments recently demonstrated in
the literature provide the brain-wide coverage at the rates of only 1 Hz to 2 Hz [42,43], and 5 Hz
recently in larval Drosophila [42], way below the minimum 30 Hz identified in Section 2.
An approach that can allow neuroscientists to overcome this problem already with today’s
technology - the shotgun or sparse neural activity imaging - had been recently proposed in
[78,79,96,97]. In this approach, large neuronal populations are suggested to be imaged partially
or sparsely in random or deterministic sequence, imaging only a small number of neurons at
any given time. Such observations can be collected over extended periods of time using limited
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existing calcium imaging capabilities. Although each such observation or set of observations is
grossly incomplete, [78,79,96,97] show that it is in fact possible to extract the complete correct
neural connectivity matrix from such measurements, as long as certain basic requirements are
met related to the organization of imaging experiments.
A deeper theoretical look into this problem had been taken in [78], and it was shown that
the reconstractability of complete connectivity graphs from sparse neural activity data is related
to coverage by the observations of certain uniquely identifying sets of neural population’s

subpopulations. For several practically important classes of neural activity models, [78] proved
that the set of such uniquely identifying observations consists of all pair-wise input-output neural
activities ni ( t + ∆ ) , n j ( t ) or the neural activity triples of the form ( ni ( t + ∆ ) , n j ( t ) , nk ( t ) )
. That is, in order to reconstruct the complete connectivity graph of entire neural populations, it
is only necessary to collect a sufficient number of observations of all neural pairs firing in inputoutput configurations or the neural activity triples consisting of the same-time neural spiking of
all neural pairs together with subsequent firing of a third neuron, for all combinations of such
triples.

(

)

More specifically, [78] inspects parametric models of neural population activity that can be
written in the form P χ W , where W is the connectivity matrix parameter defining the neural
connectivity graph, χ is the neural population’s raster of historical activity, and P χ W is the
probability of observing a given realization of χ given W. In sparse neural activity imaging, one
tries to infer the connectivity matrix from a collection of incomplete and partial observations of
neural population’s activity. We can say then that one tries to estimate the neural connectivity
graph W in 		
P χ W from a set of partial observations of neural activity X⊂χ. The central
Theorem 1 proven in [78] shows that:

(

(

)

(

)

)

Theorem 1 from [78]: Let P ( χ W ) be a statistical model of neural population
activity χ = ni ( t ) , t = 0, ∆, 2∆....& i = 1,...., N and let 			
S = {S ( t ) , t = 0, ∆, 2∆...} ∼ P ( S )
be a model of partial observations of that activity over sub populations of neurons
S(t). Let χ and S jointly define a stationary and ergodic stochastic process, and also
assume that the model P χ W
is uniquely identified by a set of partial activity
distributions
for
some
S,
P ( S ) = P χ S ( 0:k ∆ ) ( t : t + k ∆ ) W , S ( 0 : k ∆ ) ∈ S
in the sense that for any W ≠ W ' there exist at least one S ( 0 : k∆ ) ∈ S such that
P χ S ( 0:k ∆ ) ( t : t + k ∆ ) W ≠ P χ S ( 0:k ∆ ) ( t : t + k ∆ ) W ' , where χ S ( 0:k ∆ ) ( t : t + k ∆ ) means the
restriction of χ ( t : t + k ∆ ) to the sequence of subpopulations S ( 0 : k∆ ) . Then, under weak
technical conditions necessary for the convergence of maximum likelihood estimation, for any
model of partial observations P(S) such that the support S ' = {S ( 0 : k ∆ ) : P ( S ( 0 : k ∆ ) ) > 0}
completely covers S, the ML estimator
)
)
(9)
WT ( χ , S ) = arg max L W χ , S ; T , 						

{

}

(

)

{ (

(

)

)
W
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where

(

)

(

)

T
)
)
L W χ , S ; T = ∑ log P χ S ( t:t + k ∆ ) ( t : t + k ∆ ) , S ( t : t + k ∆ ) W ,
t =0

converges to the true value of W as T→∞ (that is, is consistent).

(10)

Theorem 1 establishes that under very general conditions the sparse observations of neural
population activity can be used to uniquely identify the complete connectivity matrix in an entire
neural population. Theorem 1 only requires that (i) the rules governing the dynamics of the

neural population and the selection of the sparse observed subpopulations are time invariant
(stationarity), (ii) the neural dynamics is rich enough to explore the entire state space and not get
trapped in its small parts (ergodicity) and (iii) observed neural subpopulations cover a special
uniquely identifying set of partial neural activity distributions P(S). Theorem 1 shifts the burden of
establishing the reconstructability of neural connectivity matrix in sparse neural activity imaging
settings to determining the uniquely identifying sets of particular neural activity models. In [78],
arguments are presented to expect that the coverage of all pair-wise input-output neural activity
distributions P ( ni ( t + ∆ ) , n j ( t ) W ) is sufficient for at least locally unique reconstruction of
complete connectivity matrices in a very general class of network models of neural population
activity. [78] also provides several rigorous theorems and corollaries that establish slightly
weaker but still highly advantageous uniquely identifying sets for several practically important
models of neural population activity. Namely, Theorem 3 in [78] states;
Theorem 3 from [78]: Consider a family of general “network type” models of neural population
activity characterized by a N×N connectivity matrix W and a transition probability density
N

(

)

P ( χ ( t ) : χ ( t − ∆ ) ) = ∏ P ni ( t ) Wi χ ( t − ∆ ) ,			
i =1

(12)

where Wi is the ith row of the connectivity matrix W and N = dim ( χ ( t ) ) . Let model (12) define
an ergodic stochastic process and let log P ( χ ( t ) χ ( t − ∆ ) ;W ) be L1 integrable under the
stationary distribution of that process. Also let lT , N (W χ ) be the average log-likelihood function
given the realizations of neural activity patterns χ = {ni ( t ) , t = 0, ∆,...., T and i = 1,..., N } in
model (12),
lT , N (W χ ) =

1
NT

∑ ∑ log P ( n ( t ) W χ ( t − ∆ ) ) .		
T

N

i

t = 0 i =1

i

		

(13)

		

(15)

Then, if the sums J i ( t ) = ∑ Nj =1Wij n j ( t − ∆ ) tend to Normal distribution as N→∞ (the Central
Limit Theorem), the set of all triple-activity distributions P ( ni ( t + ∆ ) , n j ( t ) , nk ( t ) ) is uniquely
identifying in model (12) in the limit N→∞, and also lT , N (W χ ) → l∞ (W ) asT , N → ∞ , where

1
l∞ (W ) =
N

N

∑ ∫ dn dJ
i =1

i

i

log P ( ni J i + Wi µi ( ni ) )

e

− J i2

( 2W Σ( n )W )
i

i

T
i

2π Wi Σ ( ni ) Wi T

and µ ( ni ) = E  χ ( t ) ni ( t + ∆ ) = ni  and Σ ( ni ) = cov ( χ ( t ) ni ( t + ∆ ) = ni ) .
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Corollary 3 of Theorem 3 in [78] establishes for the exponential GLM of neural activity [93]
that the identifying sets are P ( ni ( t + ∆ ) , n j ( t ) W ) , all i and j, and also that Eq. (15) is
T
b +W µ + 2W ΣW
T
N
					
, with µ = Ε  χ ( t )  , Σ1 = Ε  χ ( t + ∆ ) χ ( t )  and
l∞ (W ) = µ T b + Tr 
W Σ1 
 + Σi =1e
Σ = cov ( χ ( t ) ) .
i

i

i

T
i

The above results from [78] rigorously establish that it is only needed to collect the
observations of particular uniquely identifying sets of partial neural activity distributions to be
able to uniquely reconstruct the full connectivity matrix from sparse observations of a neural
population’s activity. In a very general class of neural population activity models such indentifying
sets are small, requiring only the observations of all pairs of input-output neural activities

(

)

P ( ni ( t + ∆ ) , n j ( t ) W ) or the triple distributions P ni ( t + ∆ ) , n j ( t ) , nk ( t ) . Collecting
such observations is immeasurably simpler than procuring the simultaneous observation of
an entire macroscopically large neural ensemble. Such sparse observations, nevertheless, are
equailly sufficient for identifying the connectivity graphs in such large neural populations.

Another important aspect of Theorem 1 is that it is not important how the coverage of the
identifying sets is provided. It is only important that such coverage is complete. For instance,
a plausible full connectivity matrix estimation strategy is to image the input-output activity of
neurons one pair of neurons at a time, in any order. Theorem 1 also implies that it is not important
how the uniquely identifying sets constrain the complete connectivity matrix W or by means
of which statistics W can be calculated. Whenever the uniquely identifying coverage had been
provided, using either a non-deterministic or a reasonable deterministic protocol, Theorem 1
establishes that the complete connectivity matrix can be recovered via the MLE given by Eq. (9)
and (10).
Theorem 3 and related corollaries in [78] also offer some advantageous ways for calculating
the neural connectivity graphs from sparse imaging data, by using Eq. (15) and its derivatives.
For instance, if the conditions of Theorem 3 hold, one can solve for the maximum of the expected
log-likelihood l∞ (W ) in order to find W. 		l∞ (W ) depends in a relatively simple way on the
statistics µ ( ni ) and Σ ( ni ) . These can be estimated easily from the sparse spike trains data
collected in a “shotgun-like” neural activity imaging experiment. This can greatly simplify the
connectivity matrix inference and even make it possible to calculate the connectivity matrix in
online manner, for example, for use in adaptive experiment designs.

[78] builds on these findings to introduce a new neural activity imaging design, significantly
more advantageous experimentally and computationally to the original shotgun proposal made
in [97]. While observing the neurons completely randomly, as in [97], does guarantee that all
possible subsets of neurons are covered in such an imaging, strictly random observation of
neurons is highly challenging to implement experimentally. [78] capitalizes on the findings
that only the coverage of the identifying sets of neural subpopulations is important and not the
manner in which such coverage is provided, to propose an alternative deterministic organization
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of sparse imaging named “block-wise round-robin sampling strategy”. In this protocol, neural
population is imaged in two or more spatially contiguous blocks by means of two or more scanning
microscopes. At every time, a fixed configuration of such blocks is observed so that a certain set
of examples of neural input-output activity tuples is provided. Over the course of the experiment,
the blocks are moved through the neural population to produce all required combinations, such
as discussed above, Figure 7.

Figure 7: Block-wise round-robin neuronal activity imaging strategy. In this strategy, neuronal
population is imaged as a sequence of spatially-contiguous blocks of neurons. During one
section of the experiment, all neurons in each block are observed simultaneously for a given
duration of time Tb .The blocks are gradually moved throughout the experiment to achieve all
possible combinations of the blocks. This figure illustrates the block-wise round-robin sampling
strategy applied to a hypothetical population of 100 neurons with 20 neurons observed in one
input and one output block. White color indicates the neurons in the output blocks and gray
color indicates the neurons in the input blocks. In each observation, the activity of all marked
neurons should be observed simultaneously. Over the entire experiment, all pairs of neurons in
input-output configuration are observed, providing the foundation for uniquely reconstructing
the complete neural connectivity matrix.

Block-wise round-robin imaging organization guarantees the coverage of all neural activity
tuples necessary for the reconstructions of complete connectivity matrix, as discussed above.
In this sense, it is sufficient for the reconstruction of complete neural populations’ connectivity
graphs. It has further advantage of being straightforward to implement using existing calcium
imaging techniques as well as having a simpler numerical connectivity estimation problem.
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Conceptual and technical simplicity of the block-wise round-robin sparse neuronal activity
imaging gives hope that it can be realized for imaging of real biological neural systems in near
future.

The key tradeoff made in the sparse neural activity imaging is that of increased noise in
the connectivity reconstructions. This issue is also studied in detail in [78], and the following
approximate formula is obtained for estimating the posterior variance of the neural connection
weights estimator in sparse imaging settings,

)
var W ∝ sN h Aw2 Tb .				

( )

(17)
					
Here, s is the sparseness of neural connectivity, Nh is the typical size of hidden or unobserved
Aw2 =< Wij2 > wij ≠ 0 is the rms strength of nonzero neural connection
neural populations, 			
weights, and Tb = p 2T is the observation time for a single input-output neural pair, whereas
p is the fraction of neurons contained in one observation. This formula shows that the noise in
sparse neural connectivity reconstructions, and the imaging time needed to overcome it, will
grow proportionally to the number of unobserved neurons, the square of typical connection
strength, and the inverse square of the fraction of neurons covered in a typical observation. For
small fractions p, large sizes of hidden populations Nh or strong connectivity these will result in
significantly longer observation times necessary for sparse neural activity imaging, as compared
to complete observations of neural populations’ activity. These scalings are inopportune for
experimental setups where the number of unobserved neurons will remain large or the fraction
of observed neurons will need to remain small. However, it should be possible to overcome these
obstacles, especially, in in-vivo calcium imaging experiments, such as recently demonstrated in
[36,40,42-44,46,48-51].
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Figure 8: The properties of sparse connectivity imaging in relation to the missing data. From
top to bottom, the posterior error of the sparse connectivity estimates is shown in relation to
the observations’ sparseness (a), the total number of observation samples (b), the size of the
hidden populations (c), and the rms-average connectivity strength (d). The results of numerical
simulations are shown with solid line and dashed lines show the theoretical predictions given
formula (17).

EFFECTIVE CONNECTIVITY FRAMEWORK FOR
CONNECTIVITY MODELING AND RECONSTRUCTIONS

NEURAL

It is important to point out that the above computational and theoretical work departs from
and is grounded in the framework of statistical modeling of neural population activity, such that
can be succintly encompassed by the formula P ( χ W ) . The estimates of neural connectivity
thus discussed, either for complete-observations case discussed in Section 2 or sparse imaging
case discussed in Section 3, are therefore for the parameter W of such neural activity models.
Thus, it may be proper to ask: what is the significance and the relation of such model parameter
W to the real neural circuit connectivity we are seeking in neuroscience?
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It needs to be realized that the concept of neural connectivity needed for the answer to this
question unfortunately lacks clarity. Although a significant effort has been directed in neuroscience
at empirically extracting the neural connectivity in real biological systems, the definition and the
nature of such connectivity remained to large extent uncertain and varying from author to author.

The oldest view on neural connectivity is characterized by identifying neural connectivity
with the physical connections graph of a neural circuit. This point of view dates back to the works
of Cajal and became the basis of the classical work in C. elegans [98], where the connectivity
graph of the entire nervous system of C. elegans had been painstakingly reconstructed from
serial electron microscopy and recorded in the form of the graph of physical synaptic and gapjunction connections in that circuit. An explosion of work pursuing the extraction of such physical
connectivity graphs either using electron microscopy, light microscopy, or more sophisticated
strategies such as viral tracers or diffusion tracer imaging had occurred in recent years. We can
collectively refer to such approach to the study of neural connectivity as structural or synaptic.
An alternative view on the same issue had been provided by functional imaging community,
dating back to the electrophysiological studies of past century and recently transforming into
an explosion of works using calcium and voltage imaging, fMRI, and EEG neural activity imaging
techniques. In this view, the neural connectivity is identified with the correlates of neural activity
measured over different parts of the brain. A very impressive body of work in this direction has
emerged based on the fMRI data. We can refer to such approach to the study of neural connectivity
as functional.

Despite tremendous advances along both of these directions, some key problems are well
known to exist within both of these approaches. In the case of structural connectivity, it had become
understood that structural connectivity graphs without information describing the dynamics of
the connections as well as that of connected neurons cannot lead to the understanding of neural
circuits. The studies in C. elegans over the past decade done by Cori Bargmann demonstrated that
highly nontrivial behaviors can result under the same, and for that matter well known, connectivity
graph from nontrivial properties of the neurons themselves, and that even knowing the complete
structural connectivity graph such as in C. elegans, while invaluable in many respects, cannot
sufficiently constrain the variety of the behaviors possible on such a graph without knowledge
of the dynamics. In functional connectivity studies, it became understood that the nature and
the relation of neural activity correlations to the “real” or physical structure of neural circuits, or
even to the causation over such circuits or the ability to make predictions, is uncertain. It became
unclear what implications functional connectivity graphs should have for the understanding of
the brain’s function or how they should be used in predictive or explorative contexts.

In this work, I would like to put forth alternative viewpoint that the interpretation of neural
connectivity as the above parameter of a defined, statistical, descriptive, and causal model of
neural population activity offers a superior analytical framework for deciphering the properties
and the workings of neural circuits. Adopting such framework for the design and analysis of real
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neural activity imaging experiments can provide significant advantages both from the point of
view of mechanistic interpretation of neural connectivity and activity as well as from the point of
view of using these for exploratory and predictive purposes. This aproach can be called effective
connectivity.

Effective models of neural connectivity can be defined as the network-type statistical models of
neural population activity that are fitted to describe the behavior of real experimentally observed
neural populations. An example of such a model can be given by Eq. (6) in Section 2, or more
generally by P ( χ W ) such as was used to formalize the sparse neural connectivity inference
problem in Section 3. The matrix of the connection weights in such models can be called the
effective connectivity matrix of the corresponding observed neural population.

Effective models of neural connectivity most typically are the network models of neural
activity. Such models may differ in the levels of detail and realisticity. For instance, one may
design extremely detailed such a model consisting of a population of coupled Hodgkin-Huxley
neurons with conductive synapses and electric gap-junctions, supplemented with the model of
internal neural evolution responsible for the attenuation of the strengths of the synapses and
other effects. The concept of effective connectivity is such that, if the model of neural population’s
dynamics is as accurate with respect to the physiological reality of individual neurons as the
model above, then the effective connectivity in such a model is precisely the structural or the
synaptic connectivity such as exists in the corresponding circuit.
Of course, in most cases one has to use more approximate models of neuronal dynamics for
the reason of tractability. Whereas a detailed Hodgkin-Huxley-type model of neural dynamics
may be very attractive for fundamental reasons, such a model can be computationally expensive
to calculate and the fitting procedure may not converge due to numerous local optima or extreme
singularities. These may make fitting such realistic effective models to real data collected in large
quantities practically impossible. One needs to strike a balance between realism and tractability.

A class of simpler yet very successful effective models of neural activity, very popular in
computational and theoretical neuroscience, is the LIF models. Another highly attractive class
is the generalized linear models, shown to be equivalent to LIF under certain conditions, and
used to model the properties and the behavior of real Ganglion cells in retina [53,58,99-101].
Although such models had been found to not necessarily reproduce the anatomical structure of
the connectivity of the populations of Ganglion cells in retina, one needs to draw attention here
to the success of such models in describing the behavior of the measured neural populations. It is
that ability to successfully capture and describe the activity of real neural circuits that I suggest
is the key aspect of the concept of effective connectivity that can prove highly advantageous in
neuroscience.
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More specifically, once we focus on that aspect of effective connectivity, we can realize that
the effective connectivity models of neural population activity offer extremely important qualities
of being causal, generative, and predictive with respect to the description of neural dynamics
in specific and real neural populations, even if such models may not - and most likely will not be directly equal to the anatomical connectivity in such neural populations. Given that property,
such models allow predicting the behavior and responses of real neural systems to novel stimuli
and conditions, as well as offer insights into the causal pathways that the information takes in
such real neural systems. These extremely important qualities allow the effective connectivity
models to be used for;

i. Generating examples of neural activity for real neural populations.

ii. Quantitatively comparing and verifying such examples versus experiments.

iii. Predicting how the patterns of neural activity develop throughout neuronal circuits, possibly
causally, depending on the causality supplied by the model.
iv. Predicting the responses of real neural population to a change in external or internal conditions,
and verifying such predictions experimentally.

The points (i) through (iv) are the key ingredients of the loop “Observe-Explain-Predict” of the
basic scientific method and, thus, can prove very valuable for forming the analytical foundation
for quantitative and principled understanding of the workings of real neural systems in the brain.
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Figure 9: The theoretical estimation formalism presented here together with existing
experimental population calcium imaging capacities, within the framework of effective
connectivity models, allows principled and quantitative implementation of the Observe-ExplainPredict scientific method’s loop by: collecting observations of complete or brain-wide neural
population activity using the formalism of sparse neural activity imaging presented in Section
3, deriving the effective models of neural connectivity using the formalism of Section 2, making
predictions about neural populations’ responses to external or internal perturbations within
the framework of effective connectivity models, and quantitatively verifying such predictions
experimentally as well as modifying such models with the new measurements.

CONCLUSION

This chapter provided an overview and an introduction to some key developments related
to the analysis of calcium imaging data in computational neuroscience. Recent years had seen
important advances both in the problem of deconvolution of neural spike trains from calcium
imaging data as well as the solutions for the inference of connectivity from population calcium
imaging on very large scales had been introduced. A particularly important advancement can be
seen in the recent development of the concept of sparse neural population activity imaging and
connectivity inference from such data, as well as the detailed elaboration of the key properties
of such inference. These developments make it now possible to realize the reconstructions of
complete neural connectivity in macroscopically large neural circuits from calcium imaging data
using available technologies. Together with the framework of effective neural connectivity, these
can serve as the foundation for rapid and significant advancements in quantitative understanding
of the working of neural circuits in the brain.
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